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The filtration beha®ior of submerged hollow fiber membranes with constant permeate
flow operational mode was modeled on two different conditions: the maximum initial

( )flux along the fiber is smaller than the critical flux J � J ; the maximum initialim a x cr
flux along the fiber is greater than the critical flux, but the a®eraged imposed flux is

( )smaller than the critical flux J � J but J � J . When the maximum initial fluxim a x cr mi cr
along the fiber is lower than the critical flux, no particle deposition occurs and the flux
distribution can be characterized by a dimensionless parameter � s4LRy 3r2Ry 1r2. Oni m
the other hand, for J � J and J � J , a steady state can be achie®ed after somemi cr im a x cr
initial deposition. The theoretical model shows that the filtration resistance caused by

(the initial deposition can be affected by J rJ and fiber characteristics L, R andmi cr i
)R and becomes significant for narrow and long fibers with a high J rJ . The mod-m mi cr

els were also used to determine the optimal fiber length and radius for the submerged
hollow fiber module. The simulation suggests that the optimal fiber lumen radius for
fiber lengths of 0.5 � 3 m is 0.2 � 0.35 mm. These results should be rele®ant to the design
of submerged hollow fiber modules.

Introduction

Hollow fiber membranes have been employed for a variety
Žof separations for example, reverse osmosis, ultrafiltration,

. Žand microfiltration and as bioreactors with immobilized en-
.zymes for mammalian cell culture . The hollow fiber module

could be a hollow fiber cartridge that consists of fibers sealed
into a cylindrical casing, forming a shell-and-tube configura-
tion or a bundle of fibers in a tank as in the submerged sys-

Ž .tem used for membrane bioreactors MBRs . Most hollow
fiber cartridges are operated in constant pressure mode where
constant shell or tube side pressure is applied as the process
driving force, while for the submerged system the permeate is
usually pumped out of the fiber lumen at a constant flow rate
Ž .Figure 1 .

Modeling filtration behavior of hollow fibers is important
for improving operation and design of the hollow fiber sys-
tem. The hydrodynamic environment in the hollow fiber
module depends on the flows in three regions: flow in the

Correspondence concerning this article should be addressed to A. G. Fane.

(Figure 1. Submerged hollow fiber module coordinate
)system shown in Figure 3 .
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fiber lumen, inside the membrane and outside the mem-
Ž .brane. Apelblat et al. 1974 provided a fundamental mathe-

matical analysis for fluid exchange in capillary-tissue systems
for a low viscosity fluid. They modeled the capillary wall as a
thin membrane and the surrounding tissue as a porous bed.
Simplified Navier-Stokes equations and Darcy’s law were ap-
plied to describe flow in the fiber lumen and in the tissue
region, respectively. Based on the basic method provided by

Ž . Ž .Apelblat et al. 1974 , Kelsey et al. 1990 developed analyti-
cal expressions for the radial and axial velocities and pres-
sure profiles in a hollow-fiber bioreactor with immobilized
enzymes or cells by solving the coupled momentum and con-
tinuity equations in the fiber lumen, matrix, and surrounding

Ž .shell. Bruining 1989 developed a general model to predict
the pressure drop and the magnitude and direction of flows
in a hollow fiber cartridge for different operational modes by
treating the flow in the fiber lumen as a Poiseuille flow. Doshi

Ž .et al. 1977 modeled the flow in a hollow fiber RO cartridge
and optimized the fiber length and radius through maximiz-
ing the permeate flow rate per unit shell volume. Their re-
sults showed that the performance of the hollow fiber car-
tridge can be significantly improved by optimizing fiber length

Ž .and radius. Recently, Serra et al. 1998 simulated dead-end
Ž .ultrafiltration no back-transport in a hollow fiber cartridge

using a semi-analytical model and Hagen-Poiseuille law to
describe the pressure drop outside and inside the hollow
fibers, respectively. The model considered filtration with and
without fouling and was used to optimize the design parame-
ters of the module and predict the net rate of production of
the module during an operating cycle.

Although the previous work provides a good base for mod-
eling flow in a hollow fiber, the models developed are not
applicable to the submerged system due to different bound-
ary conditions which depend on operation mode, flow ar-
rangement, and module configuration. A model for sub-
merged hollow fiber membranes was developed in our previ-
ous article, but it is only applicable to filtration without depo-

Ž .sition Chang and Fane, 2001 . In the present work, we ana-
lyze the fouling behavior of submerged hollow fibers with dif-
ferent imposed fluxes. The basic conditions under which a
steady operation can be achieved are identified according to
the concept of the critical flux and the initial distribution of
the flux along the fiber. Theoretical models are developed to
simulate filtration resistance and axial pressure drop along
the fiber at steady state. These models can be used to ana-
lyze the effect of the fiber radius and length on filtration be-
havior of the hollow fiber. The optimal hollow fiber length
and radius for the submerged module are determined through
maximizing the permeate flow rate per unit cross section area
and per unit axial pressure drop along the fiber.

Background and Basic Assumptions
Concept of critical flux

The critical flux for cross flow filtration can be regarded as
the flux at which the convection of particles to the membrane
surface caused by the permeate flow is balanced by the back
transport of particles from the membrane induced by the
shear flow. This concept implies that particle deposition can

Žbe avoided by controlling the flux below a critical value Field
.et al., 1995; Li et al., 1998 . For filtration with crossflow, par-

Figure 2. Filtration behavior of submerged hollow fiber
(module with different imposed fluxes V =1.8g

)L/////min .

ticle back transport may be attributed to the mechanisms of
Ž .shear induced diffusion and inertial lift Belfort et al., 1994 .

For the submerged hollow fiber module, the main hydrody-
namic technique used to control particle deposition is bub-
bling outside the fibers. Although it is difficult to mathemati-
cally describe the relationship between bubbling and particle
back-transport, the fact that submerged systems can be oper-
ated with a stable flux of 10�20 Lrm2 h for a long time with-
out frequently cleaning shows that bubbling is effective in

Žcontrolling particle deposition on hollow fibers Ohmori et
.al., 1999; Gunder and Krauth, 1998; Ueda and Hata, 1999 .¨

The back transport of particles for the submerged system may
be caused by turbulent wakes, fiber shaking, and the recircu-
lation of the bioreactor liquid caused by bubbling. The criti-
cal flux along the fiber depends on the local hydrodynamic
environment. We assume the local critical flux caused by

Žbubbling is constant along the fiber this is a necessary sim-
plification until more information is available on axial varia-

.tions in bubble properties and fiber movement . Thus, the
fouling behavior mainly depends on the flux distribution along
the fiber, which itself depends on the distribution of suction
pressure driving force. Modeling of this distribution is consid-
ered in the section titled ‘‘Model Development.’’

Fouling beha©ior of hollow fibers
Figure 2 shows the filtration curves for filtration with a

lab-scale submerged module with different imposed fluxes.
The module consisted of 0.2 �m hollow fibers with an inner
radius of 0.39 mm and a length of 0.51 m. The feed was 5
grL yeast suspension. In the experiments, the flux was set at
a constant value by the permeate pump and the performance
was assessed by measuring the suction pressure. From the
figure, it can be seen that when the flux was set at 15 Lrm2

h, no suction pressure increase was observed over a filtration
time of 5 h. For 30 and 35 Lrm2 h, there was an initial in-
crease in suction pressure, but a steady state was established
after about 100 min. When the imposed flux was set at 43
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Figure 3. Flux distribution at steady state for different
imposed flux conditions.
Ž . Ž . Ž .a J � J ; b J � J and J � J ; c exterior pres-imax cr m i cr imax cr
sure distribution.

Lrm2 h, no steady state was observed even after 5 h filtra-
tion. Combining these experimental phenomena with the
concept of the critical flux and the initial distribution of flux
along the fiber, we suggest the following scenarios for filtra-

Žtion with the submerged hollow fiber for convenience, all
flux is based on the inner area of the hollow fiber which

.maintains constant in filtration :
The maximum initial flux is smaller than the critical flux

Ž .J � J . No initial suction pressure rise occurs and theimax cr
performance maintains stable from the beginning of filtra-
tion, as with 15 Lrm2 h in Figure 2. For this situation, the
flux distribution is inhomogeneous along the fiber as shown
in Figure 3a.

The maximum initial flux is greater than the critical flux but
Žthe a®erage imposed flux is smaller than the critical flux. Jimax

.� J & J � J . A steady state can be achieved after ancr mi cr
initial increase in suction pressure as with the 30 and 35 Lrm2

h data in Figure 2. The initial deposition will occur on the
local area where the initial flux is higher than the critical
flux, that is, near the lumen outlet where the driving force is
maximum. This results in an increased filtration resistance in
this area, which, in turn, decreases the local flux. For con-
stant flux operation mode, the deposition will lead to an in-
crease in suction pressure which tends to adjust the flux dis-
tribution to compensate for the loss of the permeate flow
caused by local flux decline. Although it is difficult to de-
scribe the progress of adjustment, the fact that a steady state
can be built up after some initial increase in suction pressure
which indicates that the adjustment will finally reduce the
local flux from above the critical flux to the critical flux. As-
suming the adjustment of flux distribution caused by the ini-
tial deposition is continuous along the fiber with time, the
flux distribution at the steady state should be of the pattern
shown in Figure 3b. In this case the flux is uniform and equal
to the critical flux in a region from the outlet of the fiber to
some point, while, beyond this region, the flux is lower than
the critical flux. This means that the initial deposition only
occurs on some portion of the fiber close to the outlet.

The a®eraged imposed initial flux is greater than the critical
Ž .flux J � J . Suction pressure increases with time as withmi cr

the case of 43 Lrm2 h in Figure 2. A steady state would not
be reached until the growing cake thickness drops the local
external surface-based flux to the critical flux, or before that
the high filtration resistance stops the filtration.

For a practical submerged hollow fiber system, it is neces-
sary to control the average flux below the critical flux in or-
der to obtain a stable performance. Our modeling will focus
on this situation.

Model Development
Basic equations

For flow in a hollow fiber, the Navier-Stokes equations can
be simplified by neglecting the inertial forces caused by ac-
celeration due to the very low ratio of the radial velocity to
axial velocity. Thus, for the model fibers which have a closed
bottom and an open top, and the permeate flow from outside
to inside as shown in Figure 3, the axial and radial velocities

Ž .in the hollow fiber can be expressed as Apelblat, 1974

1 dp
2 2u x ,r sy q g � R y r 1Ž . Ž .Ž .iž /4� dx

1 d2p
2 3® x ,r s 2 R ry r 2Ž . Ž .Ž .i216� dx

Since we have two expressions with 3 unknowns, constitutive
relationships and boundary conditions are needed to rigor-
ously solve Eqs. 1 and 2.

Filtration with J � Jim a x c r

When J is lower than the critical flux, no depositionimax
occurs and the filtration resistance stays constant throughout
the filtration. The filtration resistance can be regarded equal
to the membrane resistance which can be determined through
the filtration of pure water. The models of pressure and flux
distribution for this situation have been developed in our
previous article where the boundaries were determined ac-
cording to interface continuity, one-end closed situation
Ž Ž . . Ž .u 0,r s0 , and mass balance Chang and Fane, 2001 so that

��R J Lm mi � x y� xp x s hqLy x g �y e q e 3Ž . Ž . Ž . Ž .�L y� Le y e

where the first term on the righthand side of Eq. 3 is the
local hydrostatic pressure and the second term is the lumen
pressure drop due to flow

�LJmi � x y� xJ x s e q e 4Ž . Ž . Ž .i � L y� Le y e

where

�s4Ry3r2Ry1r2
i m
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Filtration with J � J and J � Jmi c r im a x c r

Under the conditions of J � J and J � J , a steadymi cr imax cr
state can be achieved after an initial deposition. Figure 3b
shows the characteristics of flux distribution at the steady
state. Models can be developed for describing flux or pres-
sure distribution in different regions: 0F xF x , and x F xcr cr
FL, where x represents the fiber length over which thecr
flux is lower than the critical flux.

Flux and Pressure Distribution in the Range of 0F xF x .cr
Since the local flux in the range of 0F xF x is lower thancr
the critical flux, no deposition takes place in this range. The
pressure and flux distribution can be described by Eqs. 3 and
4 or

��R J � xm mi cr � x y� xp x s hqLy x g �y e q e 5Ž . Ž . Ž . Ž .� x y� xcr cre y e

� J � xmi cr � x y� xJ x s e q e 6Ž . Ž . Ž .� x y� xcr cre y e

where J � is the average flux over the length x .mi cr
According to the mass balance, the total permeate flow rate

from the fiber lumen equals the sum of the permeate flow
from both regions of 0F xF x , and x F xFL and J �

cr cr m i
can be calculated from

J Ly J Ly xŽ .mi cr cr�J s 7Ž .mi xcr

Ž .Assuming interface continuity, we can set J x s J or fromcr cr
Eq. 6

� x J � coth � x s J 8Ž .Ž .cr mi cr cr

Then, using Eq. 7 to replace J � , Eqs. 8, 5 and 6 can bemi
rewritten as

� FLy Ly x coth � x s1 9w x Ž .Ž . Ž .cr cr

p x s hqLy x g �Ž . Ž .

��R J Ly J Ly xw xŽ .m mi cr cr � x y� xy x q e 10Ž . Ž .� x y� xcr cre y e

� J Ly J Ly xw xŽ .mi cr cr � x y� xJ x s e y e 11Ž . Ž . Ž .� x y� xcr cre q e

where

Fs J rJmi cr

For a given hollow fiber and average imposed flux and criti-
cal flux, x can be determined by Eq. 9. Then, Eqs. 10 andcr
11 can be used to calculate pressure and flux distribution in
the region of 0F xF x at the steady state for a given fiber,cr
imposed permeate flow rate, and critical flux.

Ž �Pressure Distribution in the Range of x F xFL 0� x FLcr
.y x . At the steady state, the flux distribution in the rangecr

Ž � .of x F xFL 0� x FLy x is uniform and equals Jcr cr cr
Ž .Figure 3b . Assuming that the radial component of velocity

is continuous across the interface between the membrane and
Ž � . Ž �the porous medium, we have ® x , R sy J 0� x FLyi cr

.x . Combining such boundary conditions with Eq. 2cr

d2p 16� Jcrsy 12Ž .�2 3Rdx i

then

dp 16� Jcr �sy x qc 13Ž .� 13dx Ri

8� Jcr� � 2 �p x sy x qc x qc 14Ž . Ž .1 23Ri

For Eq. 14, the boundary conditions can be determined as

p xy s p xq 15Ž .Ž . Ž .cr cr

dp dp
s 16Ž .

y qdx dxxs x xs xcr cr

Then the constant C and C in Eq. 14 can be determined as1 2

c sy g �y��2R J Ly J Ly x 17w x Ž .Ž .1 m m i cr cr

c s hqLy x g �Ž .2 cr

y��R J Ly J Ly x coth � x 18w x Ž .Ž . Ž .m mi cr cr cr

Ž �.p x can be determined by combining Eqs. 14, 17, and 18.
The distribution of filtration resistance in this region can

be determined by the filtration equation

hqLy x y x� g �y p x�Ž .Ž .cr�R x sR qR s 19Ž . Ž .t m c � Jcr

Discussion
Models for filtration without deposition

Equations 3 and 4 describe the flux distribution along the
fiber without deposition. These models are applicable to the
prediction of the initial flux distribution along the fiber for a
given averaged imposed flux and fiber. Figure 4 shows the
simulated flux distribution for filtration with different im-
posed fluxes using these models. The calculation shows that
the flux increases with x and reaches its maximum at the
outlet of the fiber. From the figure, it can be seen that, al-
though the maximum flux increases with the increase in the

Ž .average imposed flux, the J x rJ is independent of themi
value of J and is specified for a given fiber diameter, length,mi
and resistance.

The inhomogeneity of the initial flux distribution along the
fiber can be characterized by J rJ as well as L rL, whereimax m i h
L is the length of the fiber over which the initial local flux ish
higher than the average flux. Our previous modeling has indi-
cated that J rJ , and L rL are functions of a dimension-imax mi h

y3r2 y1r2 Žless coefficient �Ls� s4LR R Chang and Fane,i m
.2001 . Figure 5 shows the simulated effect of the dimension-
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Figure 4. Simulated flux distribution along a fiber.
Simulation conditions: R s 0.2 mm, R s1011 Lrm, Ls1i m
m.

Ž .less parameter � on J rJ and L rL. According to theimax m i h
simulated results, we can see that when � �2, the relation-
ship between � and J rJ becomes almost linear and Jimax m i imax
can be estimated by the approximate function J s� J .imax mi
Figure 5 also indicates that L rL decreases with the increaseh
in the value of � . Thus, as the fiber radius is reduced and the
fiber length is increased, the initial flux distribution becomes
more inhomogeneous.

Another important application of the models for no cake
filtration is to estimate the membrane resistance of the hol-
low fiber. For hollow fiber membranes, the TMP changes
along the fiber, and the direct measurement can only deter-
mine the pressure at the outlet of the fiber rather than the
TMP. Equation 3 can be used to relate the pressure at the
fiber end to the membrane resistance by setting xsL

p L shg �y��R J Lcoth �L 20Ž . Ž . Ž .m mi

Figure 5. Simulated � - J /////J and � - L /////L relation-ima x mi h
ship.

Figure 6. Simulated relationship between membrane re-
sistance and pressure at the outlet of the fiber.
Simulation conditions: Ls 2 m, J s 9.7�10y6 mrs, hs 0.5mi
m, gs 9.8 mrs2, �s1,000 kgrm3, �s 0.001 Nsrm2.

For a given fiber, average imposed flux, and the correspond-
ing measured outlet pressure, the membrane resistance can
be calculated from Eq. 20. Figures 6 and 7 show the simu-
lated relationship between membrane resistance and the
end-pressure with fibers of a different radius and length, re-
spectively. From these figures, we can see that the relation-
ship between the end pressure and membrane resistance is
not linear for small and long fibers. However, the relation-
ship between end pressure and membrane resistance tends to

Žbe linear for long fibers with a large radius for example, Ri
.s0.6 mm, Ls2 m , or for narrow fibers with a short length

Ž .R s0.3 mm, Ls0.5 m due to the decreased effect of in-i
homogeneity of the flux distribution under these conditions.

Figure 7. Simulated relationship between membrane re-
sistance and pressure at the outlet of the fiber.
Simulation conditions: R s 0.0003 mm, J s 9.7� 10y6

i m i
mrs, hs 0.5 m, gs 9.8 mrs2, �s1,000 kgrm3, �s
0.001 Nsrm2.
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Figure 8. Simulated effect of fiber radius and length on
( )L- x /////L.cr
Simulation conditions: J rJ s 0.85, R s1011 Lrm.mi cr m

Filtration with J � J & J � Jmi c r im a x c r

When the maximum flux is higher than the J , initial de-cr
position occurs on some local membrane surface. At the

Ž .steady state, the portion of fiber with deposition or Ly xcr
depends on J rJ , fiber length, radius, and membrane per-mi cr

Ž .meability Eq. 9 . Figures 8�10 show the effect of fiber ra-
Ž . Ždius, length, and J rJ on Ly x rL the proportion ofmi cr cr

.fiber length with deposition . The simulation shows that the
Ž .value of Ly x rL increases with a decrease in fiber diam-cr

Figure 9. Simulated effect of fiber radius and J /////J onmi cr
( )L- x /////L.cr
Simulation conditions: Ls 2 m, R s1011 lrm.m

Figure 10. Simulated effect of fiber length and J /////Jmi cr
( )on L- x /////L.cr

Simulation conditions: R s 0.0003 m, R s1011 lrm.i m

eter and an increase in fiber length and J rJ . Comparingmi cr
the effect of the fiber radius for short and long fibers on
Ž . Ž . Ž .Ly x rL Figure 8 , or high and low J rJ Figure 9 , itcr mi cr
can be noted that the effect of radius decreases for long fibers
or high J rJ , respectively. Similar tendencies can also bemi cr

Žobserved with the effect of fiber length and J rJ Figuremi cr
.10 . These results imply that the portion of fiber with deposi-

tion at the steady state tends to be dominated by a small
radius, or large length, or high J rJ . The negative valuesmi cr

Ž .of Ly x rL in Figures 9 and 10 imply that the maximumcr
initial flux at the fiber end is lower than the critical flux un-

Ž .der the related conditions low J rJ and short length . Ob-mi cr
Ž .viously, the minimum value of Ly x rL must be zero.cr

Figure 11 shows the resistance distribution along the fiber
at the steady state. There is no deposition in the region of
x� x , so the filtration resistance equals the membrane re-cr

Ž 11 y1.sistance R s10 m . For x� x , the resistance in-m cr
creases with x due to the increasing initial flux in this direc-
tion and reaches the maximum at the outlet of the fiber.
Comparing the filtration resistance with fibers of a different
radius, it can be seen that the filtration resistance increases
with a decrease in fiber diameter. A practical implication of
the axial distribution of cake resistance is that when back
flushing is used to affect membrane cleaning, the backflow
will take the path of least resistance with preference for the
cake-free region. Up to 5 to 10 times more back flow could
initially pass through these regions than through the most
caked regions. This may explain our recent experimental ob-
servations on the effect of imposed flux on the effectiveness
of back flushing, and the buildup of membrane resistance
Ž .Parameshwaran et al., 2001 .

The energy required for removing the permeate flow out
of the lumen can be assessed through the pressure drop along
the fiber. Figure 12 shows the effect of fiber inner radius and

w Ž .fiber length on the pressure drop per unit length or P I y
Ž .xP L rL. The simulation indicates that small and long fibers
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Figure 11. Simulated resistance distribution along
fibers at steady state for filtration with J �mi
J and J � J .cr ima x cr
Simulation conditions: J rJ s 0.85, J s 5.56 � 10y6

m i cr cr
11 Ž . 2mrs, Ls 2 m, R s10 lrm , hs 0.5 m, gs 9.8 mrs , �m

s1,000 kgrm3, �s 0.001 Nsrm2.

lead to higher axial pressure drop. A sharp increase in pres-
sure drop is observed for fibers with R �0.2 mm. Figure 13i
shows the difference in pressure drop per unit length be-
tween 0.5 and 3 m long fibers for a different inner radius. It
shows that the effect of fiber length increases with a decrease
in fiber radius and sharply increases in the range of R �0.2i

w Ž .mm. Figure 14 shows that the effect of J rJ on P I ymi cr
Ž .xP L rL also rapidly increases in the range of R �0.2 mm.i

These results indicate that fiber radius may exert a dominant
effect on the pressure drop per unit length of fiber and the

Figure 12. Simulated effect of fiber radius and length on
[ ( ) ( )]P I - P L /////L.
Simulation conditions: J rJ s 0.85, J s 5.56 � 10y6

m i cr cr
11 Ž . 2mrs, R s10 lrm , hs 0.5 m, gs 9.8 mrs , �s1,000m

kgrm3, �s 0.001 Nsrm2.

Figure 13. Simulated effect of fiber radius and length on
[ ( ) ( )]P I - P L /////L for 0.5 m and 3 m long fibers.
Simulation conditions: J rJ s 0.85, J s 5.56 � 10y6

m i cr cr
11 Ž . 2mrs, R s10 lrm , hs 0.5 m, gs 9.8 mrs , �s1,000m

kgrm3, �s 0.001 Nsrm2.

effect of fiber length and J rJ will sharply increase whenmi cr
the fiber radius is smaller than 0.2 mm.

The pressure drop per unit fiber length at the steady state
Ž .� P is caused by fluid flow, membrane resistance, and cakef
resistance. The effect of cake resistance can be identified by
comparing the pressure drops simulated by Eqs. 14 and 3.
The former calculates pressures when cake deposits in re-

Ž .gions where J x � J . The latter represents the situationcr
Ž .without deposition where the pressure drop � P is causedw

by fluid flow and membrane resistance. Figure 15 shows the
Ž .effect of fiber length and radius on � P y� P r� P . Fromf w w

Figure 14. Simulated effect of fiber radius and J /////Jmi cr
[ ( ) ( )]on P I - P L /////L.

Simulation conditions: Ls 2 m, J s 5.56�10y6 mrs, Rcr m
11 Ž . 2 3s10 lrm , hs 0.5 m, gs 9.8 mrs , �s1,000 kgrm , �

s0.001 Nsrm2.

October 2002 Vol. 48, No. 10AIChE Journal 2209



Figure 15. Simulated effect of fiber radius and length on
( )� P - � P /////� P .f w w
Simulation conditions: J rJ s 0.85, J s 5.56 � 10y6

m i cr cr
11 Ž . 2mrs, R s10 lrm , hs 0.5 m, gs 9.8 mrs , �s1,000m

kgrm3, �s 0.001 Nsrm2.

this figure, it can be seen that the pressure drop caused by
the initial deposition sharply increases when R �0.2 mm.i
For example, for a 3 m long fiber with an inner radius 0.1
mm, the pressure drop per unit length caused by initial depo-
sition is nearly 6 times higher than that caused only by mem-
brane resistance and fluid flow. These analyses indicate that

Ž .for long and small fibers R �0.2 mm , the initial depositioni
may result in significant increases in filtration resistance.

Optimization of fiber length and radius.
Packing Density. Traditionally, the packing density for the

hollow fiber cartridge is defined as the filtration area pro-
Ž .vided by unit cartridge volume Doshi et al., 1977 . For the

submerged system, the fiber bundle is directly submerged in
the feed tank. The volume of the module seems no longer an
appropriate characteristic parameter of the module. Thus, we
define the filtration area provided by the unit cross section
area of the head of the module as the packing density of the

Ž . Ž .submerged hollow fiber module �s A rA Figure 16 .f 0
Based on an ideal triangular or square arrangement, the fol-
lowing can be deduced

L
�A 21Ž .

d q2�i

Objecti®e Function. Equation 21 shows that a small diame-
ter and long fibers lead to a high packing density. For filtra-
tion with constant flux, high packing density increases the
permeate flow rate per unit cross section area, provided the
high packing density does not decrease the critical flux. On
the other hand, however, small diameter and long fibers may
lead to a greater axial pressure drop, which implies that more
energy is needed to remove the permeate out of the fiber
lumen. In order to balance the effect of the packing density
and pressure drop on process efficiency, we define Eq. 22 as

Figure 16. Fiber bundle.

the objective function for optimization of the fiber length and
radius

J � J Lmi mi
Ys s w x� P P I y P L d q2�Ž . Ž . Ž .loss i

FJ Lcrs 22Ž .w xP I yP L d q2�Ž . Ž . Ž .i

The function Y can be regarded as the specific productivity
of the permeate flow rate per unit cross section area of the
module, per unit pressure drop along the fiber. The function
neglects any pressure losses on the shell-side of the fiber and
assumes that critical flux and fouling phenomena are similar
for all fiber sizes. Figure 17 shows the simulated effect of
fiber radius and length on the specific productivity Y. The
simulation shows that the optimal fiber inner radius which
slightly varies with the fiber length is around 0.2 mm. When
the inner radius is smaller than 0.2 mm, Y decreases due to

Ž .the sharply increased lumen pressure drop Figure 12 , while
for R �0.2, the specific productivity decreases due to thei
decreased packing density with the relatively large fiber ra-
dius. Figure 18 shows the optimal combination of fiber radius
and length. From this figure, it can be seen that the optimal
fiber radius increases with fiber length, indicating the com-
petitive effect of packing density and pressure drop on the
specific productivity. Comparing the specific productivity
achieved with different combinations of fiber radius and
length, the higher specific productivity goes to a small radius
and short length with the maximum Y for the fiber with a
radius of 0.21 mm and a length of 0.5 m. In addition, we can
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Figure 17. Effect of fiber length and fiber radius on spe-
cific productivity Y.
Simulation conditions: J rJ s 0.85, J s 5.56 � 10y6

m i cr cr
11 Ž .mrs, R s10 lrm , hs 0.5 m, � s 0.00035 m, gs 9.8m

mrs2, �s1,000 kgrm3, �s 0.001 Nsrm2.

see from the figure that the optimal fiber radius varies in a
very narrow range from 0.21 to 0.3 when the length changes
from 0.5 to 3 m. This implies that the fiber radius exerts a
dominant effect on the specific productivity of the submerged
system. The optimal diameter and maximum productivity are
relatively insensitive to the actual critical flux. Simulations in
which the critical flux is doubled predict a drop in the opti-
mal diameter by less than 20% and a maximum productivity
increase of less than 10%. In practice, other considerations,
such as ease of manufacture and plant capacity, may deter-
mine the chosen fiber length. This analysis shows that there
is an optimal fiber radius for a given fiber length.

Figure 19 shows the results simulated by Eq. 3 which does
not consider the effect of initial deposition. Comparing these
results with those in Figure 17, the optimal fiber radius goes

Figure 18. The optimal combination of fiber radius and
length.
Simulation conditions: J rJ s 0.85, J s 5.56 � 10y6

m i cr cr
11 Ž .mrs, R s10 lrm , hs 0.5 m, � s 0.00035 m, gs 9.8m

mrs2, �s1,000 kgrm3, �s 0.001 Nsrm2.

Figure 19. Effect of fiber length and radius on specific
productivity Y.
Simulation conditions: J s 4.73�10y6 mrs, R s1011

m i m
Ž . 2 3lrm , hs 0.5 m, gs 9.8 mrs , �s1,000 kgrm , � s 0.00035
m, �s 0.001 Nsrm2.

Ž .to smaller values around 0.13 mm and the effect of fiber
length nearly completely disappears. These differences are
mainly due to the decreased effect of the pressure drop on Y
for the situation without deposition.

Conclusions
Experimental observations of suction pressure history for

different fluxes suggest scenarios where a steady state can be
achieved when the imposed flux is controlled below the criti-
cal flux. Theoretical models have been developed for descrip-
tion of the filtration behavior of the submerged hollow fiber
at steady state under these conditions. When the maximum
initial flux is lower than the critical flux, no particle deposits
on the membrane surface and the flux distribution can be
described by models developed for filtration of pure water.
For this situation, the value of J rJ can be estimatedimax m i
according to a dimensionless parameter � s 4LRy3r2Ry1r2.i m
When the average imposed flux is lower than the critical flux,
but the maximum local initial flux is higher than the critical
flux, a steady state can be achieved after an initial deposition.
The length with initial deposition depends on the ratio of
J rJ , fiber radius, length, and membrane permeability. Themi cr
filtration resistance caused by the initial deposition becomes
significant when the fiber radius is smaller than 0.2 mm, par-
ticularly with long lengths and high J rJ . The developedmi cr
models have been used to optimize fiber length and radius
through maximizing the specific productivity. The simulation
suggests that the optimal combination of fiber radius and
length goes to small radius and short length. The optimal
fiber radius for fiber lengths from 0.5 to 3 m is determined in
the range of 0.2 to 0.35 mm.

Notation
A s filtration area, m2

f
A ssection area of fiber bundle, m2

0
C sconstant1
C sconstant2
d s fiber outer diameter, mo
Fsratio of J rJm i cr
gsgravity acceleration, mrs2
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hssubmerged depth of the fiber, m
J scritical flux, mrscr

J smaximum initial flux at fiber outlet, mrsimax
J saverage imposed flux based on the inner fiber area, mrsm i
J � saverage imposed flux based on the inner fiber area over them i

Ž .length of the fiber without deposition Figure 3b , mrs
Lsfiber length, m

L s fiber length where flux is higher than the average imposedh
flux, m

Ž . ŽP I sgauge pressure at the fiber dead-end reference pressure
. 2atmospheric , Nrm

Ž . 2P L sgauge pressure at the outlet of the fiber, Nrm
Ž .p x sgauge pressure of permeate flow in the fiber lumen at x

Ž . 2coordinate reference pressure atm , Nrm
� P spressure drop per unit length along fiber lumen at the steadyf

state with deposition, Parm
� P spressure drop per unit length along fiber lumen for filtra-W

tion without deposition, Parm
rsradial coordinate

R s fiber inner radius, mi
R smembrane resistance, lrmm
R s total filtration resistance, lrmt
R scake resistance, lrmc

usaxial velocity of the flow in the fiber lumen, mrs
®sradial velocity of the flow in the fiber lumen, mrs

V sgas-flow rate, Lrming
xsaxial coordinate
� Ž .x saxial coordinate in the range of x F xFL Figure 3bcr

Ž .x s length of the fiber without deposition Figure 3bcr
Ysspecific productivity per unit pressure drop per unit potting

area of module, m3rsrkParm2

Greek letters
�s fiber thickness
�s fiber packing density of submerged hollow fiber module
�scoefficient
�s viscosity of fluid, Nsrm2

�scoefficient
�sdensity of fluid, kgrm3
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